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Abstract

This paper presents a new regularization for Extreme Learning Machines (ELMs).

ELMs are Randomized Neural Networks (RNNs) that are known for their fast

training speed and good accuracy. Nevertheless the complexity of ELMs has to

be selected, and regularization has to be performed in order to avoid underfitting

or overfitting. Therefore, a novel Regularization is proposed using a modified

Lanczos Algorithm: Iterative Lanczos Extreme Learning Machine (Lan-ELM).

As summarized in the experimental Section, the computational time is on av-

erage divided by 4 and the Normalized MSE is on average reduced by 11%. In

addition, the proposed method can be intuitively parallelized, which makes it a

very valuable tool to analyze huge data sets in real-time.

Keywords: Extreme Learning Machines, Lanczos Algorithm, Regularization,

Neural Networks, Regression, Classification

1. Introduction

Artificial Neural Networks (ANNs)[1] originally inspired by biological neural

networks are computing systems that contain numerous processing units with

a network structure. Ever since their creation, ANNs have achieved remarkable

developments: a variety of neural networks have been introduced for different5
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problems. Despite the accomplishments of ANNs, the ongoing discussion of

two issues continues: 1) how to process a large amount of data with reasonable

computational time? 2) how to select the structure, the complexity, and the

parameters of ANNs?

Although significant improvements to achieve required computational power10

have been made for many complex algorithms, enabling solutions for large prob-

lems, such as SVM, and Deep Learning, the volume of data is growing even faster

[2]. Therefore, reducing the computational time for machine learning algorithms

is evermore desirable. Extreme Learning Machines (ELMs) [3, 4, 5, 6, 7, 8] are

a type of Randomized Neural Networks (RNNs) that are known for their fast15

training speed and good accuracy. Despite the merits, the performance of ELM

is sensitive to the number of neurons [9, 10]. Underfitting can happen when

there are not enough neurons, which leads to a poor approximation; while too

many neurons often leads to overfitting problems, resulting in poor generaliza-

tion performance. It is not easy to find the ”correct” number of neurons that20

keeps the balance between a better network performance and simple network

topology. Regularization is introduced to deal with this particular dilemma.

Many algorithms have been applied to regularize the complexity of ELM, such

as L1 regularization like LASSO [11, 12, 13, 14, 15, 16] or L2 regularization also

known as Ridge Regression or Tikhonov regression [17, 18]. Although, these25

regularization algorithms can significantly reduce the complexity of ELMs, they

can’t give a direct answer to the ”correct” number of neurons, and the per-

formance of ELMs is still largely influenced by the number of neurons it has.

The Lanczos Algorithm [19, 20] originally was introduced to approximate the

extreme eigenvalues of symmetric matrices. It is a fast iterative process that is30

proven to converge quickly [21]. Due to the distinct training process of ELMs,

the last step of training ELMs is an Ordinary Least Square (OLS) problem,

which can be solved by the Lanczos Algorithm. Tang et al. has introduced

the Partial Lanczos Extreme Learning Machine (PLELM) in [22] to solve the

OLS problem in ELM, however, PL-ELM does not solve the OLS problem di-35

rectly. The Lanczos Algorithm is applied as a bidiagonalization first, then SVD
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is applied on the bidiagonal matrix. This paper presents a more efficient way

of applying the Lanczos Algorithm for ELM: a modified Lanczos Algorithm for

ELMs (Lan-ELMs), which can speed up the training process, but more im-

portantly does regularization of ELMs and allows ELMs to have a very large40

number of neurons, while not encountering overfitting problems. In other words,

the Lanczos ELM can reduce the computational time for the model selection,

and just use a large number of neurons to generate the robust outcome without

overfitting.

In the next Section, we first introduce the detailed ELM Algorithms, and45

formulate the final Ordinary Least Square problem. In Section 3 the original

Lanczos Algorithm is presented. We then describe how to use the Lanczos

Algorithm to solve a symmetric linear system. This is presented in Section

4. The proposed Lanczos ELM is explained in detail in Section 5, followed by

the experiments to show the performance of the Lanczos ELM on four diverse50

datasets in Section 6. Finally the conclusion is drawn in Section 7.

2. Extreme Learning Machine

The Extreme Learning Machine [23, 3, 4, 6, 7, 5] is introduced as a gener-

alized Single-Layer Feed-forward Network (SLFN) [24, 25, 26, 27]. This type of

Network is capable of solving classification, regression, and clustering problems55

[25, 28, 29, 30, 31, 32]. According to Huang et al. in [3], ELM has good gener-

alized performance in most cases and the learning speed is thousands of times

faster than conventional neural networks [5, 7].

ELM has a non-iterative linear ordinary least square solution for the output

weights, unlike the conventional Back-propagation training procedure [33]. On60

top of the distinct properties of ELM, Huang et al. in [27] stated that ELM

has the universal approximation capability, indicating that ELM can universally

approximate any continuous target functions in any compact subset X of the

Euclidean space Rn [34].

The rest part of this Section gives a brief explanation of the original ELM.65
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Figure 1: ELM Structure

In order to keep a uniform meaning for notations throughout the paper, some

of the original notations for ELM have been modified. Figure 1 shows a typ-

ical structure of ELM, which contains three layers: the input layer, the hid-

den layer, and the output layer. Input layer weights (w) and biases (b) are

randomly generated and don’t involve in the further training anymore. X ∈70

Rm×d,X = (x1, . . . , xm)
T

is the input data, with sample size m, and feature

size d. Through the first layer, X is mapped to N -dimensional ELM random

feature space. After the nonlinear transformation f , the hidden layer output is:

hi(x) = f(xTwi + bi), i ∈ [1, N ]. (1)

f is also called the activation function. Many nonlinear function can be applied

here, such as a sigmoid function. Other activation functions are listed in [27].75

The last layer is the ELM functional output:

fELM (x) =

N∑
i=1

θihi(x) = h(x)T θ = t̂, (2)

where, h(x) = (h1(x), . . . , hN (x))T , θ is the output weights θ = (θ1, . . . , θN )T

and t̂ is the approximation of t — the true target value (i.e. labels, or regression

values) of x.

The last step for training an ELM is to determine the output layer coeffi-80

cients: θ. If T = (t1, . . . , tm)T is the corresponding target matrix of the input
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matrix X, θ should satisfy the following equation:

θ = arg min
θ

‖fELM (X)− T ‖22 , (3)

in which, ELM function: fELM (X) = T̂ is an approximation of the true target

matrix T .

To simplify the problem, introduce H ∈ Rm×N :85

H =


h1(x1) . . . hN (x1)

. . .
. . . . . .

h1(xm) . . . hN (xm)

 , (4)

and the minimization problem in equation (3) can be rewritten as:

θ = arg min
θ

‖Hθ − T ‖22 . (5)

Solving the above problem finishes the ELM training process. Typically,

solving this problem is the most computational intense step in the ELM Algo-

rithm. By applying the Lanczos Algorithm to compute the solution of the above

equation, vast improvements to computational speed, and more importantly the90

regularization effects to the ELM Algorithm are attained.

3. The Lanczos Algorithm

This Section presents the original Lanczos Algorithm as in [21, 35, 19, 20].

The basic Lanczos Algorithm for tridiagonalization of a symmetric N×N matrix

A computes a sequence of Lanczos vectors qj and scalars αj , βj at the jth step,95

following the well-know iteration rules:
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Algorithm 1 The Lanczos Algorithm

1: Initialization: r0, r0 6= 0; q0 = 0; β1 = ‖r0‖

2: for j = 1, 2, 3, ... do

3: qj = rj−1/βj

4: uj = Aqj − βjqj−1
5: αj = u∗jqj

6: rj = uj − αjqj

7: βj+1 = ‖rj‖

8: end for

Note: The ∗ sign is the (conjugate) transpose of a matrix. To summarize,

the Iteration process can be written as:

rj = βj+1qj+1 = Aqj − αjqj − βjqj−1. (6)

The matrix form of The first j step is:

AQj −QjZj = βj+1qj+1e
∗
j . (7)

In this equation, Qj ∈ RN×j is composed by the orthonormal Lanczos vectors100

qj , Qj = (q1, ..., qj) and

Q∗jQj = Ij . (8)

ej is the j’th column of the j×j identity matrix Ij . Zj is the tridiagonalization

of matrix A:

Zj =



α1 β2 0 . . . 0

β2 α2 β3 0
...

. . .
. . .

. . .
...

0 βj−1 αj−1 βj

0 . . . 0 βj αj


. (9)

In this Section, the termination criteria for the Lanczos Algorithm is skipped,

since it is with little relevance to the problems in this paper. Usually the itera-105

tion will stop with j � N . If j = N , the eigenvalues and eigenvectors of Zj are
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also the eigenvalues and eigenvectors of A. The details can be found in [36]. We

will introduce our own termination criterion based on the ELM performances

in section 6.2.

4. The Lanczos Algorithm for solving symmetric linear systems110

Although the Lanczos Algorithm was introduced for the eigenvalue and

eigenvector problems initially, it can be applied to solve the symmetric linear

systems. For a linear system:

Aθ = Y (10)

where, A ∈ RN×N is a symmetric matrix, the true solution is θ = A−1Y. Usu-

ally, the on-hand initial approximation is θa, which leads to an initial residual115

term r0 = Y − Aθa. If no such initial approximation is available, then take

θa = 0. After the rearrangement of the problem, the target of solving the lin-

ear system becomes finding the correction term θc that is the solution for the

non-singular N -rowed equation:

Aθc = r0 (11)

The Lanczos Algorithm solves the symmetric linear system in (11) by finding im-120

proving approximations θj , whose residual gradually approaches r0, throughout

the iteration process. The iteration is accomplished by computing a sequence

of Lanczos vectors qj and scalars αj , βj at the jth step, following the Lanczos

iteration rules as in Algorithm 1. To reach the True solution, j = N iterations

must be done, and xN is solved by:125

θN = QNZ−1N β1e1. (12)

The proof of equation (12) is included in [36]. To summarize:
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Algorithm 2 Solve Symmetric Linear Systems by the Lanczos Algorithm

1: Initialization: r0 = Y (For simplicity only. Other initialization can also be

applied); q0 = 0; β1 = ‖r0‖

2: for j = 1, 2, 3, ...N do

3: qj = rj−1/βj

4: αj = qTj Aqj

5: rj = Aqj − qjαj − qj−1βj
6: βj+1 = ‖rj‖

7: end for

8: θN = QNZ−1N β1e1

The Lanczos Algorithm usually is used for approximating the solution of

a symmetric linear system. Thus a more common situation is that the algo-

rithm terminates before N iterations, once the residual norm decreases below

the desired threshold. The details can be found in [36]. Since in this paper130

we are focusing on the regularization effect of the Lanczos Algorithm, in the

experiments the algorithm terminates when reaches the minimum validation er-

ror, instead of passing the threshold test for the residual norm. The discussion

about the earlier termination is included in Section 6.3.

5. Iterative Lanczos ELM135

From the Section 2 we know that the last step of ELM is solving a Ordinary

Least Square Regression problem: min
θ
‖Hθ = T ‖2. The direct solution to this

problem is:

θ = H†T , (13)

H† = (HTH)−1HT . (14)

Plug equation (13) in (14). The solution of θ becomes:

θ = (HTH)−1HTT . (15)
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Note that H ∈ Rm×N . N is the number of neurons in the ELM, and m is the140

number of the data samples. Calculating HTH and solving the linear system

have a time complexity of O(N2m).

Rearranging the solution in equation 15 shows that it is equivalent to solve

the following linear system:

(HTH)θ = HTT . (16)

HTH is a symmetric matrix and is positive semi-definite (if H has indepen-145

dent columns then it is positive definite). Reformulating the problem like this

allows the Lanczos Algorithm to be applied to solve this linear system, with

A = HTH and Y = HTT . Moreover, HTH is supposed to have high collinear-

ity, because each column of H is a nonlinear mixture of the same columns of X.

Thus only a few eigenvalues and eigenvectors of HTH are enough to approxi-150

mate it. Therefore, the Lanczos Algorithm is efficient for training an ELM. This

will be confirmed in the Section 6.

In addition, we have a strong incentive to avoid computing HTH directly

due to its high time complexity. Thus, a matrix M is crafted based on H as

showing in equation (17) below:155

M = Hqj , (17)

Where, M has the size of m× 1, which is much smaller than m×N for

H. Hence, instead calculating HTH, MTM(= qTj H
THqj) is calculated. In

each Lanczos iteration j, the smaller matrix multiplication MTM saves many

computation steps. The complete process of the Iterative Lanczos ELM is as

follows:160
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Algorithm 3 Iterative Lanczos ELM

1: Create ELM: generate the hidden layer weights w, generate the hidden layer

output H.

2: Initialize: r0 = HTT ; q0 = 0; β1 = ‖r0‖

3: for j = 1, 2, 3, ...N do

4: qj = rj−1/βj

5: M = Hqj

6: αj = MTM

7: rj = HTM− qjαj − qj−1βj
8: βj+1 = ‖rj‖

9: end for

10: θN = QNZ−1N β1e1

Note that computing αj = MTM(= qTj H
THqj) has the time complexity of

O(Nm) for each Lanczos Iteration, comparing to a regular ELM which has the

complexity of O(N2m). Since the number of necessary iterations k is greatly

smaller than N , the overall complexity is only O(Nkm).

6. Experiments165

To examine the performance of the Lanczos ELM, several machine learning

datasets are used to test our algorithm. As stated in the introduction, the

Lanczos Algorithm actually performs as a regularization of the ELM, which

helps with the ELM model structure selection — to auto-select the effective

number of neurons. It is a regularization since the training error is increased and170

the validation error is decreased. This is illustrated in the following experiment.

6.1. Datasets

Four different and diverse datasets are selected to perform experiments to

evaluate our methodology for different circumstances.
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Table 1: Dataset Summary

Dataset Name Training Set Validation Set Feature Size

Abalone 2, 784 1, 393 8

The Boston Housing 337 169 14

Checkerboard 6, 667 3, 333 2

SantaFeA 659 329 12

WaveEnergy (Tasmania) 48, 000 24, 000 32

WaveEnergy (All) 173, 683 86, 841 32

6.1.1. Abalone175

Abalone dataset which has been measured to predict the age of abalone

according to various physical measurements [37]. This data consists in 4177

samples with nine different features including gender (Male, Female, and Infant),

length, diameter, height, whole weight, shucked weight, viscera weight, shell

weight, and rings.180

6.1.2. The Boston Housing

The data was originally published by Harrison, D. and Rubinfeld, D.L. in

[38]. The Boston Housing Dataset contains information collected by the U.S

Census Service concerning housing in the area of Boston Mass. It was obtained

from the StatLib archive [39], and has been used extensively throughout the185

literature to benchmark algorithms. The dataset is small in size with only 506

samples and 14 attributes in each sample of the dataset.

6.1.3. Checkerboard

We created this dataset to test the Lanczos ELM for classification problems.

In this dataset, there are two classes: ”red” and ”blue” that alternate in each190

direction. Each class is surrounded by four blocks of the different class. The data

points are generated randomly with a small noise term. Figure 2 is the graph

for the dataset. The dataset only has 2 variables, which are the coordinates of
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Figure 2: Checkerboard

the points, and one class label.

6.1.4. SantaFeA195

The main benchmark of the Santa Fe Time Series Competition [40], time

series A, is composed of a clean low-dimensional nonlinear and stationary time

series with 1,000 observations [41]. Competitors were asked to correctly predict

the next 100 observations (SantaFe.A.cont). The performance evaluation done

by the Santa Fe Competition was based on the NMSE errors of prediction found200

by the competitors.

6.1.5. Wave Energy Converters

This data set consists of positions and absorbed power outputs of wave

energy converters (WECs) in four real wave scenarios from the southern coast

of Australia (Sydney, Adelaide, Perth and Tasmania) [42]. The data is converted205

and optimized according to [43]. The first 32 attributes are the WECs positions:

X1, X2, ..., X16; Y1, Y2, ..., Y16, which continuous from 0 to 566 (m). The next

16 attributes are WECs absorbed power: P1, P2, ..., P16. The last attribute is

the total power outputs from the farms. First, only the Tasmania data is used
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in the experiments, then all 260,524 samples from four places are used together210

again for the experiments. The WECs positions are used to predict the total

power outputs.

6.2. Methodology

In these experiments, the Lan-ELM is compared against 3 different algo-

rithms: a) GELM, an ELM with growing number of neurons and a fixed very215

small L2 regularization term (λ = 10−5, which is added for the purpose of avoid-

ing the numerical instability of ELM when computing the pseudo inverse, since

the hidden layer output H is not always full rank), b) L2ELM, an ELM with

L2 Regularization (λ will be optimized) and c) the state of art Partial Lanczos

ELM (PLELM). The purpose of the experiments is three-fold: 1) to test the220

regularization effects of the Lanczos ELM. 2) to compare the performance of

the Lan-ELM with GELM, L2ELM and PLELM. 3) to verify the robustness of

the Lanczos ELM.

To examine the performance and the regularization effects, the first exper-

iment was conducted with split training and validation sets (see Table 1). In225

both training and validation sets, all features are normalized to zero mean and

stander deviation of one. For all the methods, the number of neurons is deter-

mined based on the sample size of the data set. For Lan-ELM, L2ELM, and

PLELM the number of neurons is a deterministic value: N . For the GELM, the

number of neurons is growing from 1 to N . The training and validation errors230

of GELM are calculated with respect to the number of neurons of in the ELM.

For the Lan-ELM, the training and validation errors are calculated with respect

to the number of iterations in the Lanczos process, while the number of neurons

doesn’t change. The optimal iteration number is obtained when the validation

error reaches the minimum. The goal of comparing GELM with Lan-ELM is235

to show that 1) although a large number of neurons are applied, the overfitting

issue of Lan-ELM is avoided by the regularization performed by the Iterative

Lanczos Algorithms, while the GELM start to have the overfitting issue when

the number of neurons reaches a certain value. 2) although a large number of
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neurons are applied in Lan-ELM, the computational cost to reach the minimum240

validation error is minimal, since only a limited number of Lanczos iterations

are performed.

The experiment setup for PLELM is as the same as Lan-ELM. For L2ELM,

the training and validation errors are with respect to the parameter λ. The

optimal λ is selected when the minimum validation error is achieved. Table 2245

summarized the experiment setups.

Table 2: Number of Neurons in ELMs in Experiment 1

Dataset Name Lan-ELM Regular ELM(GELM) L2ELM PLELM

Abalone 600 [1, 600] 600 600

The Boston Housing 200 [1,200] 200 200

Checkerboard 500 [1, 500] 500 500

SantaFeA 100 [1, 100] 100 100

WaveEnergy (Tasmania) 5000 [500, 5000]* 5000 5000

WaveEnergy (All) 5000 [500, 5000]* 5000 5000

Note *: Increasing by 500.

To examine the robustness of Lanczos ELM, the second experiment was

conducted, using a different number of neurons in Lanczos ELM. For each of

the dataset, the minimum validation MSEs are computed for each Lanczos ELM.

The iterations taken to reach the minimum validation error are also recorded.250

6.3. Experiment 1 Results

The experiment results are collected to create the training and validation

error graph for GELM and Lan-ELM. The table 3 lists the validation error and

computational time each algorithm takes to reach the minimum validation error

for all the datasets.255
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6.3.1. Abalone

In Figure 3, the blue line is the training error of the Lanczos ELM; the red

line is the validation error of the Lanczos ELM; the black line is the training

error of GELM; the green line is the validation error of the GELM. Trivial yet

important information can be found from the graph: 1) From two training error260

line, it proves that when the Lanczos ELM finishes N = 600 iterations it leads

to the same result as the GELM with N = 600. 2) From the validation and

training errors of the Lanczos ELM, it is noticeable that merely 8 iterations of

the Lanczos ELM can reach the lowest validation error. Hence the Lanczos ELM

should terminate at iteration 8. Moreover, since the Lanczos ELM is utilizing265

all N neurons, the validation error is even lower than the best validation error

of the GELM.

Figure 3: Abalone

6.3.2. The Boston Housing

In Figure 4, similar patterns can be found: 1) The Lanczos ELM gives the

complete solution of the ELM when goes through all the iterations. 2) Both270

the training and the validation error are lower than the GELM. 3) With only a

dozen iterations the Lanczos ELM gives the best validation error. Again, this
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is because the Lanczos ELM is the ELM with N neurons and regularization.

Figure 4: The Boston Housing

6.3.3. ”Checkerboard”

The ”Checkerboard” (Figure 5) problem is a harder problem because of the275

degeneration of the linear system. Since the number of variables in ”Checker-

board” is only 2, the determinant of the matrix HTH goes to zero very quickly

as the dimension of H grows. This explains the behavior on the right end of the

graph. Even though this is a harder problem, the Lanczos ELM still outperforms

the GELM.280
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Figure 5: Checkerboard

6.3.4. SantaFeA

SantaFeA is a Time Series dataset. Figure 6 shows that the Lanczos ELM

has consistent performance on the time series data as well. Only 8 iterations of

the Lanczos ELM can reach the minimum validation error and outperform the

GELM. Hence, the Lanczos ELM should terminate at the 8th iteration, which285

leads to a better validation error with less computational time than the GELM.
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Figure 6: SantaFeA

6.3.5. Wave Energy Converters

This is a fairly large dataset. In this experiments, 5000 neurons are used

for the Lanczos ELM, and the convergence of the algorithm is still very fast

with only 19 iterations to reach the minimum validation error for the Tasmania290

data, and 24 iterations for All the data. In Figure 7 and Figure 8 the number

of iterations and the number of neurons are shown in the logarithmic scale,

because the iteration number is relatively very small comparing to the number

of neurons. In addition, there is no need to finish all 5000 iterations for Lan-

ELM, since the validation error is monotonically increasing after the minimum.295

The dash line is indicating that if the 5000 iteration is finished, Lan-ELM will

reach the same validation error as in GELM. GELM needs around 4000 neurons

to reach the minimum validation error for Tasmania data and is still decreasing

at 5000 neurons for All the data. In general it is very inefficient to train such

a network with validation set and select the number of neurons to deploy the300

model. The Lanczos ELM clearly has overcome this issue: simply use 5000

neurons and run very few iterations to find the global minimum of validation

error.
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Figure 7: Wave Energy Converters (Tasmania)

Figure 8: Wave Energy Converters (All)

As summarized in Table 3, the computational time of the Lanczos ELM is on

average divided by 4 compared to GELM and by 43 compared to L2 Regularized305

ELMs; the Normalized MSE is on average reduced by 11% compared to regular

ELMs and is on average only 1% higher than L2 Regularized ELMs.
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Table 3: Comparisons of Errors and Computational Time
LanELM ValE GELM ValE L2ELM ValE PLELM ValE LanELM Time GELM Time L2ELM Time PLELM Time

Abalone 0.437 0.447 0.432 0.437 0.031 0.034 3.504 0.68

Housing 0.387 0.414 0.391 0.387 0.001 0.01 0.06 0.05

SantaFeA 0.105 0.115 0.1 0.105 0.033 0.073 0.036 0.05

Checkboard 0.342 0.468 0.343 0.573 4.96 20.439 4.29 9.583

WaveEnergy (Tas)* 0.454 0.489 0.4895 0.454 5.531 60.51742 417.72 33.92423

WaveEnergy (All)* 0.6113 0.6215 0.6214 0.6113 27.311 1425.22 491.93 219.843

Note *: Due to the large number of neurons that are used for WaveEnergy (Tasmania and

All) datasets, some of the methodologies are simplified. See the following notes.

Note 1: This is the time Lan-ELM used to reach the minimum validation error, which is the

19th iteration for the Tasmania data and 24th for All the data. Maximum iteration is set to

25 for Tasmania data and 50 for All the data here, because there is no need to run the rest of

the iterations, since the validation error can only increasing afterwards.

Note 2: Instead of increasing the number of neurons from 1 to 5000 by one at a time, the

number of neurons are increased by 500 at a time. The smallest validation error happens at

4000 neurons for Tasmania data. The validation error only increases afterwards. However for

All the WaveEnergy data, even with the 5000 neurons we didn’t reach the minimum validation

error. Going through all possible number of neurons from 1 to 5000 or adding more neurons

for WaveEnergy data will make GELM take much more time.

Note 3: Similar to Lan-ELM, PLELM is using 5000 neurons, and the maximum iteration is

set to 50. Validation error is increasing afterwards.

As observed in the results, Lan-ELM tend to give the minimum validation

error, this is mainly due to that Lan-ELM is initialized with a fairly large

number of neurons, for instance, 600 neurons on Abalone dataset, 200 on Boston310

Housing dataset, 500 on Checkerboard dataset, 100 on SantaFe dataset, and

5000 on Wave Energy Converter dataset. Because the large number of neurons

are applied, Lan-ELM tend to give lower training errors in general. At the

meantime, although a large number of neurons are applied, the overfitting issue

of Lan-ELM is avoided by the regularization performed by the Iterative Lanczos315

Algorithms. Instead of solving the whole OLS problem in ELM, Lan-ELM is

approximating the solution with the first few largest eigenvalue and eigenvectors.

6.4. Experiment 2 Results

This section is presenting the results of the second experiment, which shows

the robustness of the Lanczos ELM. For each of the dataset (due to the degen-320
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eration of phenomenon of the Checkerboard dataset, and the very large size of

WaveEngergy All data, they are not included in the experiment), the minimum

validation MSEs are computed for each Lanczos ELM with a different number

of neurons (see table 4). The iterations taken to reach the minimum validation

error are also recorded.325

Table 4: Number of Neurons in Lan-ELMs in Experiment 2

Dataset Name Number of Neurons*

Abalone [50, 600]

The Boston Housing [20, 200]

SantaFeA [10, 100]

WaveEnergy (Tasmania) [500, 5000]*

Note *: Number of neurons is increasing in: Abalone by 50; The Boston Housing,

by 20; SantaFe by 5; Wave Energy Converters by 500;

6.4.1. Abalone

Figure 9: For Abalone dataset, even the number of neurons in Lan-ELMs are varying from 50

to 600, the MSE stays almost the same.
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Figure 10: For Abalone dataset, even the number of neurons in Lan-ELMs are varying from

50 to 600, the minimum number of iteration required to reach the minimum MSE are stable

around 10.

6.4.2. The Boston Housing

Figure 11: For the Boston Housing dataset, even the number of neurons in Lan-ELMs are

varying from 20 to 200, after 75 neurons the MSE stays almost the same.
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Figure 12: For the Boston Housing dataset, even the number of neurons in Lan-ELMs are

varying from 20 to 200, the minimum number of iteration required to reach the minimum

MSE are stable around 10.

6.4.3. SantaFeA

Figure 13: For the SantaFe dataset, even the number of neurons in Lan-ELMs are varying

from 10 to 100, after 40 neurons the MSE stays almost the same.
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Figure 14: For the SantaFe dataset, even the number of neurons in Lan-ELMs are varying

from 10 to 100, the minimum number of iteration required to reach the minimum MSE are

stable around 15.

6.4.4. Wave Energy Converters

Figure 15: For the Wave Energy Converter dataset, even the number of neurons in Lan-ELMs

are varying from 500 to 5000, after 1000 neurons the MSE stays almost the same.
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Figure 16: For the Wave Energy Converter dataset, even the number of neurons in Lan-ELMs

are varying from 500 to 5000, the minimum number of iteration required to reach the minimum

MSE are stable around 19.

In summary, the validation error tend to drop as the number of neurons330

are increasing, but quickly become stable after a certain number of neuron is

used. The iteration needed for reaching the minimum validation error tend to

be stable regardless of the number of neurons are used in the Lan-ELM.

7. Conclusion

The experiment above reveals many important merits of the Lanczos ELM.335

Although the motivation of applying the Lanczos Algorithm to solve ELM is

to speed up the ELM algorithm, the results clearly showed that in addition

to the speed up, the Lanczos ELM also performs as a regularized ELM. In

terms of speed up, the Lanczos ELM avoids calculating HTH directly, which

leads to enhanced calculation speed; Plus, the Lanczos ELM only needs a few340

iterations to reach the minimum validation error, which leads to a very early

termination of the algorithm, hence less calculation is needed. In terms of

the regularization, the Lanczos ELM nearly automatically solves the overfitting

problem, hence, avoids the selection of the optimal number of neurons. In
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general, a large number of neurons can be applied at the initialization, and the345

Lanczos ELM will determine the optimal number of the iterations by searching

the minimum of the validation errors. The algorithm is very robust allowing

the initial number of neurons to vary, while still converging to the minimum

validation error with a similar number of iterations. This means that the number

of neurons can exceed the number of samples, yet still not overfit the problem. In350

addition, since the Lanczos ELM is mainly matrix multiplications, it is naturally

parallelized and can benefit from multi-core clusters for further speed up. This

is because Lan-ELM is mainly about matrix/vector multiplication. The main

cost is in computing Hqj and HTM. In general, a matrix vector multiplication

Av, where A ∈ Rr×p, is very naturally parallelized by subdividing a matrix355

A into c matrices components where c is the number of cores. Each matrix

Aj contains the same number of columns as in A and contains r
c rows. Each

Ajv can be computed independently and in parallel. Then the resulting vectors

are composited to form the final results. Hence Lan-ELM can be parallelized

with multiple processing units. In the future applications, we want to combine360

both ELM with Tikhonov regularation and the Lanczos ELM to get a better

performance.
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